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Postbuckling Analysis of Composite Laminated Panels
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A description is given of the development of a spline � nite strip method for predicting the response of composite
laminated, prismatic panels to a progressive uniform end shortening. The response is assumed to be geometrically
nonlinear, with the nonlinearity introduced in enhanced strain–displacement equations in a total Langrangian
approach. The set of nonlinear equilibrium equations, obtained by appropriate energy minimization, is solved
using the Newton–Raphson method. The development of the properties of a � at � nite strip is made in the contexts
of both � rst-order shear deformation plate theory and classical plate theory, and a number of strip models is
available corresponding to different displacement � elds. Presented applications concern a box section and several
longitudinallystiffened panels that include curved panels modeled as faceted shells. Comparison of the � nite strip
predictions is made, where possible, with results from other sources, and such comparison is shown to be close.

Nomenclature
A = length of structure
Ars , Brs , Dr s = laminate stiffness coef� cients
b = width of a � nite strip
d, d̄ = column matrices of strip and structure

freedoms, respectively
EL , ET = ply elastic moduli along and across � bers,

respectively
G LT , GT T = shear moduli in plane of � bers and

through the thickness, respectively
h = plate thickness
j = number of a reference line
K, K1 , K2 , K ¤ = strip stiffness matrix contributions
K̄, K̄1 , K̄2, K̄

¤
= structure stiffess matrix contributions

K̄T = tangent stiffness matrix for structure
k = degree of B-spline function basis
ki k j = shear correction factors
M = number of reference lines of a � nite strip
Nav = average longitudinal force
N j , N j H = Lagrangian and Hermitian shape

functions, respectively
NS = number of � nite strips
n = degree of crosswise polynominal

representation
Q = matrix of stiffness coef� cients for a ply
Qr s = ply stiffness coef� cients
q = number of spline sections in the structure

length
Up = strain energy of a strip
u, v, w = middle-surfacedisplacements in the x , y,

and z directions, respectively
u 0 , v 0 , w 0 = displacements in the x 0 , y 0 , and z 0

directions, respectively
V, V̄ = column matrices of contants for strip and

structure, respectively
x , y, z = local coordinate axes
x 0 , y 0 , z 0 = global coordinate axes
a = angle between global and local axes
e = applied uniform end-shorteningstrain
e x , e y , c yz , c zx , c x y = components of strain at a general point
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m L T = major Poisson’s ratio of a ply
¾, " = column matrices of stress and strain,

respectively
r x , r y , s yz , s zx , s x y = components of stress at a general point
¯U k = modi� ed B-spline function basis

of degree k
w x , w y , w z = rotations in the local system
w x 0 , w y 0 , w z 0 = rotations in the global system

Introduction

P RISMATIC plate and shell structuresof rectangularplanforms,
such as stiffened panels, box sections, etc., are used frequently

as load-bearing structural components in a number of engineering
areas. In some such areas, notably aerospace and marine engineer-
ing, the structuresmay be made of � ber-reinforcedcomposite lami-
nated materials. The ef� cient design of these structuresmay need to
be based on the assumption of nonlinear response to loading, and
oftenof particularconcern is the accuratepredictionof bucklingand
postbucklingresponseto prescribedin-plane strain, such as that due
to progressiveend shortening.The � nite strip method (FSM) offers
the prospect of such prediction, and its development for forecasting
the postbuckling response of plate structures is the subject of the
present study.

The FSM is an analysis procedure that is particularly well suited
to the solution of problems involving prismatic structures of rela-
tively thin-walled construction.The method is, of course, a special
form of the general � nite element method (FEM), but it can have
considerable advantages of ef� ciency and economy relative to the
FEM. The FSM is very well established in the realm of linear anal-
ysis. A recent review by Dawe1 describes in detail the use of the
method in predicting the buckling stresses of composite-laminated
plates and, to a lesser extent, of plate structures. There, two pop-
ular versions of the FSM are discussed, which differ in the nature
of the variation of the assumed displacement � eld along the strip.
These are the semi-analyticalFSM (which uses continuousanalyti-
cal functions longitudinally) and the spline FSM (which uses local
spline functions longitudinally). For both of these versions, the strip
properties can be developed in the context of the classical plate the-
ory (CPT), or of a shear deformation plate theory (SDPT), which is
inevitablymore complicated,but is more realisticwhen dealingwith
composite laminates because through-thicknessshear deformation
is accounted for. More than one shear deformation theory exists,
but the most commonly used is the � rst-order (Reissner–Mindlin)
theory, which is the simplest one in the category.

The FSM has also found usage in nonlinear analysis, particularly
with regard to postbuckling behavior. Early works concerned with
the use of the semi-analytical FSM are those of Graves-Smith and
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Sridharan,2 Sridharan and Graves-Smith,3 and Hancock.4 These au-
thors considered the post-local-bucklingbehavior of homogeneous
plate structureswith diaphragmends when subjected to progressive
end shortening, in the context of CPT. Dawe et al. (see Refs. 5–

10) have used the semi-analytical FSM in considering the post-
buckling behavior of composite laminated structures in the con-
texts of both CPT and the more re� ned � rst-order SDPT. These
analyses relate to single plates,5 ¡ 8 to the post-local-buckling of
plate structures,9 and to the post-overall-buckling of diaphragm-
supported plate structures.10 The developed semi-analytical FSM
capabilities are accurate and ef� cient, but there are restrictions on
their use, which are caused by the speci� c nature of the assumed
analytical, longitudinal variations of displacements, as regards the
range of end conditions and of types of lamination that can be ac-
commodated. The alternative spline FSM is much more versatile in
these matters and is the approach adopted in this study.

The spline FSM, using B-spline functions, was introduced by
Cheung and Fan11 and Fan and Cheung12 when analyzing the lin-
ear static and dynamic behavior of plates and plate structures. Lau
and Hancock13 have used the method to predict the buckling of
plate structures, and Kwon and Hancock14 have studied the nonlin-
ear elastic response of some thin-walled structures. In all of these
approaches,attentionis limited to homogeneousmaterials, the anal-
ysis is in the context of CPT, and the type of � nite strip used is the
simplest one, which corresponds to the rather coarse assumption of
linear variationsof the in-plane componentsof displacementacross
the strip. To deal with the buckling and vibration of composite-
laminated plate and shell structures, the present authors have devel-
oped the spline FSM in the contextsof both classical and � rst-order
shear deformation theories.15 ¡ 20 A family of � nite strip models has
been generated, based on displacement � elds that incorporate dif-
ferent polynomial degreesof crosswise representationand different
degreesof longitudinalspline functions.This work has been further
developed recently to include the postbuckling behavior of single
composite laminated plates, of arbitrary lamination, in the contexts
of CPT21 and of SDPT.22

The present paper extends the spline FSM postbucklinganalysis
of Refs. 21 and 22 to embrace complicated prismatic plate struc-
tures (includingalso shell panelswhen treatedas facetedstructures).
Again, the development takes place in the contexts of both CPT
and of � rst-orderSDPT, and arbitrary lamination is accommodated.
The behavior is assumed to be geometrically nonlinear, and a total
Lagrangianapproachis used.The capabilitythathasbeendeveloped
has a quite general nature with regard to loading and to structure
boundary conditions. Here, however, attention is restricted to the
nonlinearresponseof structuresthat are subjectedto progressiveend
shortening. The component plates of a model of a structure are as-
sumed to be perfectly � at prior to loading.

Analysis
General Remarks

A typicalprismaticplate structureof the type that is under consid-
eration here is shown in Fig. 1. The structure of length A may have
quite general boundary conditions at its longitudinal edges and at
its ends, except that an applied progressive end shortening is spec-
i� ed. This end shortening, corresponding to a progressive uniform,
end-shortening strain e , may be applied in a particular horizontal
plane that, for the structureof Fig. 1, is the plane containingPQ at a
distance z ¤ from the middle surface of the main plate. Alternatively
it may be applied to the complete end cross sections.The axes x 0 , y 0 ,
and z 0 (Fig. 1) are global axes, and the translational displacements
u 0 , v 0 , and w 0 are correspondingglobal displacements.

As mentioned earlier, the analysis capability described here is
developed in the contexts of both CPT and � rst-order SDPT. Atten-
tion will be concentrated on the SDPT analysis because the CPT
approach is a fairly direct simpli� cation of the SDPT approach.

Basis for SDPT Finite Strip Properties
Each component plate of a prismatic plate structure is modeled

with one or more � nite strips, which run the full length A of the
structure. A typical � nite strip in the SDPT context is shown in
Fig. 2a wherein the indicated coordinates x , y, and z, middle sur-

Fig. 1 Typical prismatic plate structure.

face displacements u, v , and w , and independent rotations w x , w y ,
and w z are local quantities. Figure 2b shows an end view of the
typical strip with its local system xyz aligned at an angle a to the
global system x 0 y 0 z 0 . Note that the local rotation w z has no role to
play in the developmentof local strip properties, but is required for
the transformation to the global system. In the global system, the
rotations are w x 0 , w y 0 , and w z 0 , as shown in Fig. 2b.

The strain–displacement relationshipsused here incorporate � ve
strain components (at a general point). These are the in-plane non-
linear strains e x , e y , and c x y and the linear through-thicknessshear
strains c yz and c zx . The relationships, within the context of a total
Lagrangian approach, are
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The in-plane strain–displacement relationships are those that are
obtained from Green’s expressions for nonlinear strains23 and us-
ing the basic assumptionsof � rst-orderSDPT for through-thickness
variations of the three displacements [as in Eq. (1) of Ref. 22].
However, nonlinear terms in u have been neglected because they
would be expected to have a very small effect, as have nonlin-
ear terms that involve z. Note that nonlinear contributions in the
crosswise displacement v are present in the expressions for e x , e y ,
and c x y . This allows consideration to be given to problems that ex-
hibit post-overall-bucklingresponse as well as to those that exhibit
post-local-buckling response. In the latter situation the movement
of junction lines may be small, and the nonlinear-v contributions
would then have little effect and could be ignored, with consequent
signi� cant saving in solution time. In the former situation,however,
the nonlinear-v contributionscan have considerablesigni� cance on
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Fig. 2a SDPT � nite strip.

Fig. 2b Local and global systems.

accuracy of solution because the v and w displacements generally
may be of similar magnitudes, where large movements of junction
lines are involved.

In general, a component plate is a � ber-reinforcedlaminate com-
posed of a number of bonded layers of unidirectional composite
material. With the usual assumptions,24 the stress–strain relation-
ships at a general point for any layer are
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where Qrs , r, s =1, 2, 6, are plane-stress reduced stiffness coef� -
cients and Qrs , r, s = 4, 5, are through-thicknessshear stress coef-
� cients.

The constitutive equations for the laminate are obtained through
use of Eqs. (1) and (2) and appropriateintegrationthroughthe thick-
ness. The equations are
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where e ¤
x , e ¤

y , and c ¤
x y are middle-surface,in-plane strains,which are

de� ned as are e x , e y , and c x y , respectively, in Eq. (1) except that the
terms involving z are absent. Nx , Ny , and Nx y are the membrane di-
rect and shearing forces per unit length, Mx , My , and Mx y are the
bending and twisting moments per unit length, and Q x and Q y are
through-thickness shear forces per unit length. The laminate stiff-
ness coef� cients are de� ned as

( Ars , Brs , Dr s) =
h/ 2

¡ h / 2

Qr s(1, z, z2) dz, r, s = 1, 2, 6 (4)

Ars = kr ks

h/ 2

¡ h /2

Qr s dz, r, s = 4, 5 (5)

where the parameters kr ks are shear correction factors that are de-
termined in this study using the method of Whitney.25

Note that theconstitutiveequationsallowfor arbitrarylamination.
Fully anisotropic behavior is accommodated, as is full coupling
between in-plane and out-of-planebehaviors.

The strain energy density of an elastic body is ¾T "/2. By the use
of Eq. (2), the strain energy of a � nite strip, Up , can be expressed
as

Up =
1
2 Ve

"T Q" dVe (6)

where Ve is the volume of the strip. Use of Eq. (1) in this expression
and integration through the thickness with respect to z will give an
expression for Up as an integral over the strip middle-surface area
of a function of the � ve fundamental displacement-typequantities,
namely, u, v , w , w x , and w y . This complicated expression is not
given here, but can be broken down into three distinct contributions
that dependon quadratic,cubic, and quartic functions,namely,Up2,
Up3, and Up4, respectively, of the displacement-typequantities and
their derivatives with respect to x and y. Thus,

Up = Up2 + Up3 + Up4 (7)

The nature of Up is such that the problem is one of C0-type conti-
nuity, that is, continuity across strip boundaries is required for each
fundamentalquantity,but not for any derivativesthereof. (Note that
the speci� c de� nitions of the quadratic, cubic, and quartic strain
energy contributionsare given in Refs. 6 and 22 for the reduced sit-
uation in which the nonlinear-v contributionsare excluded. In fact,
the quadratic contribution is unchanged.)

SDPT Strip Displacement Fields and Models
In the SDPT spline FSM, the variation of each of the � ve funda-

mental quantitiesu, v , w , w x , and w y over the strip middle surface is
representedbasically as a summation of products of B-spline poly-
nomial functions in the longitudinal x direction and interpolation
functions in the crosswise y direction.However, extra terms may be
present for u and v to representa speci� c prescribedstate of applied
end-shorteningstrain.



DAWE AND WANG 2163

In the longitudinaldirection, the B-spline form of representation
that is used is much the same as that utilized in earlier works by
the authors15 ¡ 22 and described in detail in Ref. 26, and, hence, it
is not necessary to give full details here. In employing the spline
functions, the length A is divided into q sections, which are taken
to be of equal length. In the crosswise direction, the interpolation
functions used are the well-known Lagrangian functions.15 ¡ 22

The displacement� eld of an SDPT spline � nite strip is expressed
as
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where the quantity j is the number of a reference line at which the
strip degrees of freedom are located and there are n + 1 reference
lines across a strip, where n is the degree of polynomial representa-
tion (of each of the fundamental quantities) in the y direction. The
N j (y) are the Lagrangian shape functions that de� ne this represen-
tation, and of course, the de� nitions of the N j vary with the choice
of n. Here allowance is made for linear or quadratic or cubic repre-
sentation, that is n =1 or 2 or 3. The three SDPT models are shown
in end view in Fig. 3a, where M is the number of reference lines
and indication is given of the type of freedom present at each line.

Concerning the longitudinal representation, ¯U k (x) and ¯U k ¡ 1(x)
are modi� ed B-spline function bases of degrees k and k ¡ 1, re-
spectively.Note that a lower degree base is used in representing w x

than in representing w (or u, v , and w y ) to avoid possible shear-
locking problems. The approach is referred to as a Bk ,k ¡ 1-spline
representation, and the value of k can be selected to be 2, 3, 4, or
5. The designation B32-spline, for instance, indicates that modi� ed
B-spline function bases of degree 3, that is, cubic, are used in rep-
resenting each of u, v , w , and w y longitudinally while a modi� ed
basis of degree 2, that is, quadratic, is used in representing w x . The
du , dv , dw , d w y , and d w x are column matrices of generalized dis-
placement parameters, or degrees of freedom, relating to u, v, w ,
w y , and w x , respectively.The seriespart of the displacement� eld of
Eq. (8) is versatile with regard to the speci� cation of basic bound-
ary conditions. Kinematic conditions can be applied directly and

Fig. 3 Finite strip models for a) SDPT analysis and b) CPT analysis.

explicitly by setting to zero any of the values of the fundamental
quantitiesat a boundary,and naturalconditionsare properlyallowed
to be approached indirectly as a result of the applicationof the vari-
ational principle. This applies both at the structure ends and at the
longitudinal edges.

The extra part of the displacement � eld of Eq. (8) is that which
involves u p and v p and will only be applied to any � nite strip to
which a progressiveuniform end-shorteningstrain e is applied. For
such a strip, u p and v p are de� ned as

u p = e ( A /2 ¡ x), v p = e b y (9)

This representsexplicitlya progressiveuniformendshortening,with
the u p term, and a possible Poisson expansion, through the v p term,
in a simple prebuckled state. If the strip ends are allowed free in-
plane lateral expansion, in what is referred to as a type A problem,5

then b = m , the Poisson’s ratio, for isotropicmaterialor b = A12 / A22

for balanced orthotropic material. However, the presence of the v p

term is not essentialor evenparticularlyadvantageousfor the major-
ity of type A problems involving structures (as distinct from single
plates). If the plate ends are completely prevented from expanding
laterally, in what is referred to as a type B problem,5 then b = 0
anyway.

Stiffness Equations
The concern here is with the response of a plate structure to an

applied progressive uniform shortening strain e , perhaps at some
speci� c geometric level. The potential energy of the end load as-
sociated with e will be independent of the unprescribed degrees of
freedom of the problem. Therefore, the total potential energy of a
stripcan in effect(so far as theminimizationprocedureis concerned)
be equated to the strain energy Up .

The strain energy of a � nite strip can be determined as a function
of all of the strip degrees of freedom d, where the column matrix
d includes du , dv , dw , d w y , and d w x at all reference lines j , on sub-
stituting the chosen displacement � eld of Eq. (8) into Eq. (7). This
strip strain energy, as a function of the unprescribed freedoms, can
be expressed eventually in the form (where a further term, which is
proportional to e 2 , has been excluded from considerationbecause it
is independentof the unprescribed freedoms):

Up = ¡ e dT V + 1
2 dT (K ¡ e K ¤ )d + 1

6 dT K1d + 1
12 dT K2d (10)

where K, K1 , K2 and K ¤ are squaresymmetric stiffnessmatrices.The
individualentriesof K andK ¤ are constants,whereas thoseof K1 and
K2 are linear and quadratic functions, respectively,of the freedoms.
Hence the second, third, and fourth quantitieson the right-handside
of Eq. (10) represent energy terms that are quadratic, cubic, and
quartic functions,respectively,of the freedoms.The � rst quantityon
the right-hand side, in which V is a column matrix of constants, is a
linear functionof the freedoms.This linear functionis presentat this
stage, when dealing directly in terms of degrees of freedom rather
than with the fundamentaldisplacement-typequantitiesthemselves,
simply because the fundamental quantities are expressed in terms
of both degrees of freedom and of e , as in Eqs. (8) and (9).

Many integrations are required in evaluating the energy. Integra-
tions across a strip, in the y direction, are determined in standard
fashion using Gauss quadrature, with seven points across a strip.
Along a strip, in the x direction, there is the need to perform inte-
grations of polynominal spline functions, and derivatives thereof,
and of double, triple, and quadrupleproducts of such functions and
derivatives. It is most important, so far as ef� ciency is concerned,
that these integrationsbe determined in a manner that takes account
of the repetitivenature of the local spline functions.This is achieved
so that the integrations are evaluated numerically and need only be
determined once, outside of any iteration cycle.

The preceding energy expression for the individual � nite strip is
written in terms of local quantities. Before assembling the energy
of a complete structure, it is necessary to transform from the local
xyz con� guration to the global x 0 y 0 z 0 con� guration. To do this, it is
required to introduceat the local level a third componentof rotation,
namely, w z , the rotationabout the local z axis.At the local level such
introductionis arti� cial in the sense that no contributionsto the strip
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matrices are associated with it, that is, the strip matrices are simply
expanded in size by appropriate addition of rows and columns of
zeros. The procedure is necessary, however, because in the global
system there are indeed three signi� cant components of rotation,
namely, w x 0 , w y 0 , and w z 0 . For each reference line and each series
term, the transformationhas the form

u

v

w

w y

w x

w z

=

1 0 0 0 0 0

0 cos a sin a 0 0 0

0 ¡ sin a cos a 0 0 0

0 0 0 1 0 0

0 0 0 0 cos a sin a

0 0 0 0 ¡ sin a cos a

u 0

v 0

w 0

w y 0

w x 0

w z 0

(11)

where a is the angle shown in Fig. 2b.
After the required transformationshave been made, the total en-

ergy of a completestructureis simply the summation of the energies
of all of the individual � nite strips. Correspondingly,structure ma-
trices are generatedby appropriatesummation of strip matrices, and
following the application of prescribed kinematic boundary condi-
tions, the total strain energy can be expressed in a similar form to
that of Eq. (10) as

Ūp = ¡ e d̄T V̄ + 1
2 d̄T (K̄ ¡ e K̄

¤
)d̄ + 1

6 d̄T K̄1d + 1
12 d̄T K̄2d̄ (12)

where now an overbar indicates a structure quantity.
The set of nonlinear structure equilibriumequations correspond-

ing to a speci� ed value of e can then be obtained by applying the
minimization principle and has the form5

¡ e V̄ + K̄ ¡ e K̄
¤ + 1

2 K̄1 + 1
3 K̄2 d̄ = 0 (13)

where the stiffness matrices K̄, K̄
¤
, K̄1, and K̄2 are duplicated from

Eq. (12) as a direct consequenceof the variationalprocedure,just as
in standard � nite element formulations (for example, see Ref. 27).

These equations are solved for d̄ using the well-known Newton–

Raphson iterative method in which use is made of the tangent stiff-
ness matrix K̄T , which has the de� nition5

K̄T = K̄ ¡ e K̄
¤ + K̄1 + K̄2 (14)

When the values of the degrees of freedom have been found, at a
speci� ed value of e , the fundamental quantities can be calculated
at any point in any � nite strip using Eq. (8), and force and moment
quantities can then be calculated using Eq. (3). One quantity of
interest is the average longitudinalforce Nav acting on a structure at
a given applied strain. This is determined by a procedure involving
the summation of forces acting on the individual strips. Thus,

Nav =
b/ 2

¡ b/ 2

A

0

Nx (x , y)
A

dx dy (15)

CPT Finite Strip Analysis
The preceding SDPT approach can be simpli� ed to a CPT ap-

proach by adopting the Kirchhoff normalcy condition. Then the
rotations w x and w y of the SDPT theory are no longer independent
quantities but are directly dependent on the de� ection w through
the equations

w x = ¡
@w

@x
, w y = ¡

@w

@y
(16)

It followsthat in theCPT analysisthe through-thicknessshearstrains
c yz and c zx vanish [see Eq. (1)] and that the correspondingstresses
s yz and s zx , shear stiffness coef� cients A44, A45, and A55, and shear
forces Q x and Q y can be ignored [in Eqs. (2), (3), and (5)]. It also
means that, in the local con� guration, the CPT strip behavior is gov-
erned by only three fundamentalmiddle-surfacequantities,namely,
the translational displacements u, v , and w . The strain energy Up

[Eqs. (6) and (7)] now contains second derivatives of w , and it

follows that C1-type continuity is required for w , that is, continuity
of both w and @w / @y is required at strip edges.

The displacement � eld for CPT-based strip models is given by a
reduced form of Eq. (8) as

u
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w
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u p

v p

0

+
j

N j 0 0

0 N j 0

0 0 N j H

¯U k 0 0

0 ¯U k 0

0 0 ¯U k

du

dv

dw
j

(17)

The crosswise representation of u and v is exactly as in the SDPT
analysis: the N j (y) are Lagrangian shape functions and the upper
limit of the indicatedsummation on j is n + 1. The crosswise repre-
sentation of w is now rather different than in the SDPT analysis, to
take accountof the C1-type continuityrequirement.The N j H are cu-
bic Hermitian shape functions,and the upper limit of the summation
is 4, but the freedoms correspond to values of w and w (=@w / @y)
at the two strip edges. Three CPT strip models are created, each
having cubic (Hermitian) variation of w crosswise, but with either
linear, quadratic, or cubic (Lagrangian) variation of u and v cross-
wise, that is, n = 1, 2, or 3. The three CPT models are shown in
end view in Fig. 3b. In the longitudinal direction, each of u, v , and
w is represented by modi� ed B-spline function bases of degree k.
The approach is referred to as a Bk -spline representation,and k can
be selected here to be 2, 3, 4, or 5. The designation B3-spline, for
instance, indicates that a modi� ed B-spline function basis of de-
gree 3, that is, cubic, is used in representing each of u, v , and w
longitudinally.

The remaining procedures in the CPT analysis are very similar
to those of the SDPT analysis. Further discussion will not be given
here, except to note that in the transformation relationship given in
Eq. (11) the only rotation present in the CPT analysis is w y = w y 0 .

Applications
Preamble

The analysis capabilitydescribedhas, of course, been used as the
basis for the developmentof a computer software package. Results
generated using this package are presented for several problems
involving the nonlinearelastic responseof prismatic structuressub-
jected to progressive end shortening. The emphasis in this study
is in predicting general response characteristics, such as end load-
shortening strain histories and the developmentof deformationpat-
terns, and in comparing such predictionswith alternativeanalytical
predictions and with test results where applicable. Detailed stress
results are not considered.

Although a variety of � nite strip models is available in the de-
veloped capability,all of the applicationsconsideredhere are based
on the use of one particular model in the contexts of each of SDPT
and CPT analyses. In the context of SDPT, the model used is that
corresponding to M =3 in Fig. 3a, that is, quadratic Lagrangian
interpolation across the strip, and to B32-spline representation lon-
gitudinally. In the context of CPT analysis, the model used is that
corresponding to M =3 in Fig. 3b, that is, quadratic Lagrangian
interpolation for u and v, and cubic Hermitain interpolation for w
across the strip, and to B3-spline representation longitudinally.

The strip models used here have been used earlier21,22 in studies
of the postbucklingresponse of single rectangularplates. The char-
acteristics of these models, and others of the same family and of
related semi-analyticalFSM (or S-a FSM) models, have been well
established with regard to the convergence of results with respect
to the number of spline sections q used and to the number of strips
NS used (for example, see Refs. 5, 6, 9, 10, 16–21, and 28). Hence,
with one exception, convergence studies are not reported here, and
results are given for just a speci� ed single value of q and of NS in
each application.Of course, the values used for q and NS are those
that are judged to be suf� cient to representaccurately the structural
response, the complexity of which varies considerablywith the ap-
plication.Broadly speaking,at least two spline sectionsare used per
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longitudinal half-wavelength, and two or more strips are used per
crosswise half-wavelength.

Orthotropic Box Column
The structure considered is an orthotropic box column of square

cross section, whose overall length is A, component plate thickness
is h, and componentplate width (between centerlinesof component
plates) is B . The geometry is such that A / B =3 and B / h =20. The
component plates are 0/ 90/0/ 90/ 0 � ve-layer, cross-ply laminates,
with � ber angles in degrees and with each 0-deg layer of thickness
h / 6 and each 90-deg layer of thicknessh / 4. The material properties
of each layer are EL / ET =30, G LT / ET =0.6, GT T / ET =0.5, and
m L T =0.25, where the symbols have their standard meaning.

The box column is assumed to be supported by diaphragms at
both of its ends, so that at x =0, A the kinematic conditions in the
planes of the ends, in terms of local displacements, are those of a
type B problem, that is, v =w = w y =0. Furthermore the column is
subjected to a progressive uniform end shortening, over the whole
cross section, such that at x =0, A we also have u = § A e /2, where
e is the end-shorteningstrain. Thus, in total, the column is assumed
to be compressed along its length between rigid, frictional platens.

The problem considered has been studied earlier by Dawe et al.9

when using both a developed semi-analytical FSM and an FEM
approach using the LUSAS general purpose software package. It
is known that initial buckling occurs in a local mode having three
longitudinal half-waves and that postbuckling behavior has a sim-
ilar local character. The S-a FSM approach of Ref. 9 is, in fact,
based directly on the consideration of local behavior by adopting
certain simplifying assumptions and consideringan analysis length
equal to one half-wavelength of the response, that is, A / 3. The re-
sults from this approach compare closely with those of the LUSAS
FEM approach, which are not restricted to consideration of one
half-wavelength.

In applying the present spline FSM approach to the problem, the
full structure length is modeled, that is, the � nite strips are of length
A, and nine spline sections are used along the length, that is q = 9.
Because of the double symmetry of the problem, with regard to the
two centroidal axes of the box cross section, it is only necessary to
model a quadrant of the cross section. This is done by the use of 10
identical � nite strips of width B /10. Analysis is conducted in the
contexts of both CPT and SDPT.

The FEM results of Ref. 9 are used again here for comparison
purposes.These LUSAS resultsare based on the use of a mesh of 72
elements in one-eighthof the box structure because three planes of
symmetry exist: three elements are used across each of the two half-
plates forminga symmetricquadrantof the box cross section,and 12
elements are used along a symmetric half-length A /2 of the struc-
ture. The elements used are designated QSL8 and are eight-node
semiloofshellelements,with 32 degreesof freedom,which are clas-
si� ed as thin elements because through-thickness shearing effects
are largely excluded. The LUSAS default rule of � ve-pointnumeri-
cal integrationis used in evaluatingelement properties. In obtaining
the nonlinear solution, a total Lagrangian formulation is used in
conjunction with the full nonlinear strain–displacement equations.

The spline FSM predictions of the nonlinear response of the box
column to progressive end shortening, together with the compara-
tive FEM predictions, are shown in Fig. 4a (average stress r av vs
shortening strain e ) and Fig. 4b (maximum de� ection wmax vs e ).
Note that in the FEM predictions r av is calculated as the straight
average of values of r x at all nodes of the structural model.

It can be seen from Fig. 4 that there is a quite signi� cant differ-
ence between the two sets of FSM results, in the contexts of CPT
and SDPT, and hence that the effects of through-thicknessshearing
action are not negligible in this application. It can also be seen that
the LUSAS FEM results provide veri� cation of the validity of the
developed spline FSM approach.

Orthotropic, Two-Blade Stiffened Panel
The cross section of the rectangular panel under consideration

here is shown in Fig. 5 (wherein the depth of the stiffeners, i.e.,
80 mm, is measured from the middle plane of the main plate). The
panel length is A =2000 mm. The main plate and the stiffeners are
� ve-layer, orthotropic laminates of precisely the same type as de-

a)

b)

Fig. 4 Nonlinear response of the orthotropic box to applied shorten-
ing strain: variation of a) average longitudinal stress and b) maximum
de� ection.

Fig. 5 Cross section of the two-blade stiffened panel. (Dimensions are
in millimeters.)

� ned in the earlier applicationbut now with the added speci� cation
that ET =13 GN/m2 .

The mainplate is assumedto be subjectedto a progressiveuniform
end shorteningwhile the stiffenersare free to expandor contractlon-
gitudinally,and hence the structureends are free to rotateabout the y
axis in a manner consistentwith simple supports.Speci� cally, in the
context of CPT and in terms of local displacements, the prescribed
end conditions on the whole cross section are that v = w = 0, with
the extra condition on the main plate, only, being that u = § Ae / 2
at x =0, A. The longitudinal edges of the main plate are simply
supported for out-of-plane behavior, that is, w = 0, but are free to
move in-plane.

Again, the problem considered has been studied earlier, by the
authors,10 whenusinga semi-analyticalFSM developedfor the anal-
ysis of post-overall-bucklingbehavior and when also utilizing the
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Table 1 FSM values of F and wc at " = 0:05% for the orthotropic, two-blade stiffened panel

Number of Number of longitudinal sections q or terms r
Solution strips
method NS 1 2 3 4 5

F, kN
Spline FSM 3 632.4 620.4 620.1 620.0 619.9
S-a FSM10 3 642.8 622.0 620.2 620.0 ——

5 642.5 621.0 619.4 619.1 ——
10 —— 620.8 —— —— ——

wc, mm
Spline FSM 3 7.397 8.484 8.493 8.412 8.413
S-a FSM10 3 6.822 8.420 8.416 8.427 ——

5 6.838 8.475 8.472 8.482 ——
10 —— 8.481 —— —— ——

LUSAS FEM package for purposes of comparison. The response
of the panel is indeed of the overall type and is of a continuously
progressive nature with no bifurcational buckling as such.

In applying the present spline FSM, in the context of CPT alone,
a symmetric (about the longitudinalcenterline) half of the structure
is modeled with only three strips of length A, one in a stiffener and
one on either side of it in the half of the main plate. For this simple
crosswise modeling, a convergence study has been conducted with
an increasing number of spline sections for values of end force
F (over the full panel width) and of central de� ection w c at the
particular value of end-shortening strain of 0.05%. The results are
shown in Table 1 togetherwith resultsobtainedearlier10 when using
the S-a FSM. In the latter case, the crosswise modeling is varied,
with 3 strips (1 in the stiffener,1 either side of it), 5 strips (1, 2), and
10 strips (2, 4) used in turn, and with different numbers of terms,
r , used in the series representation of the longitudinal variation of
displacements.The two sets of results showa very close comparison
and con� rm that the very simple crosswise modeling adopted in
using the spline FSM is suf� cient in this application in which the
deformed shape of the panel is quite simple, that is, not local.

The overall response of the structure to progressive end shorten-
ing of the main plate, as predicted by the spline FSM (q = 5) and
by LUSAS FEM (using a mesh of 70 QSL8 elements in a sym-
metric quadrant of the structure), is shown in Fig. 6a (F vs e ) and
Fig. 6b (w c vs e ). Close agreement between the results of the two
approachesis evidenced.Note that the present spline FSM response
curvesin Figs.6 arevirtuallyidenticalwith thecorrespondingcurves
generated for the S-a FSM and shown in Fig. 8 of Ref. 10.

Isotropic, Six-Blade Stiffened Panel
The cross section of this panel is shown in Fig. 7. The panel

length is A =762 mm, and hence the panel is square in plan. Here
the panel is not of composite-laminatedconstructionbut is made of
aluminium, with Young’s modulus E =72.4 GN/m2 and Poisson’s
ratio m =0.32. Because the geometry is thin, and the material is
metallic, analysis will be conducted in the context of CPT.

The panel is one of seven panels considered in a detailed � nite
element buckling study by Stroud et al.28 and later also considered
by Peshkam and Dawe29 when using the S-a FSM to predict buck-
ling loads. In these bucklingstudies, the panels are assumed to have
ends that are diaphragm supported (with v = w =0) and longitudi-
nal edges that are simply supported (w = 0), and to be subjected to
combinations of shear loading and compressive longitudinal load-
ing. In the present study, the panel referred to as NASA example 4
is considered, and this is de� ned earlier and shown in Fig. 7. The
loadingcase of interest in the bucklingstudies is that of a pure com-
pressive loading based on the assumption of uniform longitudinal
prebuckling strain. The bifurcational buckling load is calculated as
39.47 kN using the S-a FSM, whereas the calculated FEM value is
just 0.24% higher. The correspondingbuckledmode shape is a local
one, with six longitudinal half-waves.

The postbuckling behavior of the NASA example 4 panel under
progressive uniform end shortening has been considered by Dawe
et al.9 using the S-a FSM. However, in this earlier approach the sim-
pli� ed local analysis is used, incorporatingassumptions that allow
the analysis to be performed over only a speci� ed half-wavelength

a)

b)

Fig. 6 Nonlinear response of the two-blade stiffened panel to applied
shortening strain: variation of a) end force and b) central de� ection.

Fig. 7 Cross section of the six-blade stiffened panel. (Dimensions are
in millimeters.)
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Fig. 8 Nonlinear response of the six-blade stiffened panel: variation of
average longitudinal force with applied shortening strain.

rather than over the whole panel. In fact, because the bifurcational
buckling load corresponding to seven longitudinal half-waves was
found to be close to that corresponding to six half-waves, two sep-
arate analyses were performed for these two distinct numbers of
half-waves. It was revealed that, in the context of the local analyses,
buckling and initial postbuckling corresponds to six longitudinal
half-waves but that at a fairly early stage of postbuckling there is a
change to seven half-waves.

In the present nonlinear spline FSM study, the approach is much
more general than in the earlierstudy9 becausenow the full lengthof
the structure is considered,with no preconceptionof any likely lon-
gitudinalformof thebucklingor postbucklingresponse.The panel is
assumed to be subjected to progressiveuniformend shorteningover
the whole cross section, and the prescribedend conditions, in terms
of local displacements,are that at x =0, A we have u = § A e /2 and
w =0, v 6=0, that is, the componentplates are simply supported for
out-of-plane behavior and are free to expand in their planes. The
longitudinal edges of the main plate are simply supported for out-
of-plane behavior, that is, w =0, but are free to move in-plane.The
FSM model takes note of the symmetry of the response about the
longitudinal center line and uses nine strips across half the panel
width (one for each of the three stiffeners and six of equal width for
half of the main plate), just as in the earlier study.9 Along the length
A of the structure, 16 spline sections are used.

The general response of the panel (Nav vs e ) as predicted by
the present spline FSM approach is shown in Fig. 8 together with
the predictions of the restricted earlier S-a FSM approach, which
correspond to the two prescribed values (A /6 and A / 7) of half-
wavelength. It is seen that there is a close comparison between the
two approaches,and thisobviouslyhelps to provethevalidityof both
the present spline FSM approach and of the earlier local S-a FSM.
Note that in the present approach there is no bifurcational buckling
as such (unlike in the earlier approach), but, rather, a continuous
progressive change throughout the deformation process. However,
the knee of the curve in Fig. 8 is quite sharp and relates closely to
the value of bifurcational buckling force of 39.47 kN predicted in
Ref. 28.

The progressivebuildupof deformation in the panel, as predicted
by the present approach, is illustrated for six particular values of
shortening strain in Fig. 9. The views shown are of the modeled
symmetric half-panel, from the stiffener side. It can be seen that at
a low value of strain there is some deformation of an overall type,
followed by local deformation with six longitudinal half-waves in
the regionof the theoreticalbucklingload, and then by the formation
of seven half-waves at higher values of strain.

Three-Blade Stiffened Curved Panel
Snell and Greaves30 have considered the buckling and postbuck-

ling underprogressiveuniformend shorteningof a numberof blade-
stiffened curved panels made of carbon � ber-reinforcedplastic and
providedetails of experimentalwork into the advancedpostbuckled

Fig. 9 Deformed shapes of one-half of the six-blade stiffened panel at
six applied strain levels.

a) Actual cross section

b) Modeled cross section

Fig. 10 Blade-stiffened curved panel.

regime. The results presented by Snell and Greaves for one par-
ticular curved panel are used for comparison purposes with results
generated using the present FSM capability. This panel is stiffened
by three blade stringers, and its actual cross section is shown in
Fig. 10a.30 The panel has a length of 540 mm. The ends of the panel
are fully clamped against any movement, except for the uniform
end shortening u = § A e /2 over the whole cross section. The two
external longitudinal edges of the panel are completely free.

The bifurcational buckling of this panel has been analyzed in
Ref. 29 and again later by the present authors when using the
PASSAS software package,20 which utilizes the spline FSM in pre-
dicting buckling loads of both � at plate and curved shell struc-
tures. The cross-sectional modeling used in the analysis is shown
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in Fig. 10b, with the ply dropoff regions of the actual structure,
where the stringers are bonded to the skin, replaced by a slightly
thicker area of skin of uniform thickness.The nominal ply thickness
is 0.125 mm and the material propertiesare assumed to be EL = 130
GN/m2, ET = 10 GN/m2, GL T = GT T =6 GN/m2, and m L T = 0.3.

In the analysismodel the balanced layup detailsare (see Fig. 10b)
layup A, [+45/0/ ¡ 45/0]2s , with total thickness 2 mm and layup
B, [+45/0/ (+45/ 0/ ¡ 45/ 0)2]s , with total thickness 2.5 mm.

By the use of a very � ne crosswisemodeling,with the curvedskin
represented by curved � nite strips, with a total of 714 strips used
in the whole cross section, and with q =12, the linear bifurcational
bucklingload has been calculatedas 109.9kN in the contextof � rst-
order shear deformation theory.20 The corresponding experimental
buckling load30 is 107 kN for the panel designated B1S31 in the
work of Snell and Greaves.30 (In fact, three nominally identical
panels of the type describedhere were tested and different buckling
loads were measured, but the 107-kN value seems to be the most
reliable result, re� ecting the least in� uence of initial imperfection.)

When using the present FSM capability to predict the nonlinear
response of the subject panel to progressive end shortening, the
crosswise modeling is restricted to the use of � at strips. The curved
skin is represented in faceted fashion with the external reference
lines of each � at strip lying on the curved middle surface of the skin.
Of course, this faceted representation introduces an extra modeling
error, but its effect should not be large in this problem so long as
a reasonable number of strips is used. In fact, 26 strips of equal
width are used in modeling the curved skin, with one strip used in
modeling each of the three stiffeners, that is, NS =29. The analysis
is conducted in the context of SDPT and q =10.

Fig. 11 Nonlinear response of the blade-stiffened curved panel: vari-
ation of average longitudinal force with applied shortening strain.

Fig. 12 Deformed shapes of the blade-stiffened curved panel: a) on pp, b) on sp1, and c) on sp2.

The general response of the panel (Nav vs e ) to progressive end
shortening as predicted by the spline FSM approach is shown in
Fig. 11, together with the experimental results.30 The FSM pre-
dictions reveal a complicated response with a primary path (pp), a
secondarypath 1 (sp1), and a secondarypath 2 (sp2). The predicted
pp is stable with increasingend shorteningup to point A (of Fig. 11)
and is unstable thereafter.Any attempt to proceedbeyondA on path
pp results in the responsedropping to sp1, correspondingto a lower
value of Nav . This path can be traced back to point C, and is stable
between B and C, but becomes unstable above B when response
drops to sp2. This path is stable in going back to point D (below
which it becomes unstable) and is always stablegoing forward from
D with increasing e . It is the only stable path for values of e above
about0.00158.The deformedcon� gurationsof the panel in the three
paths, at particularvalues of shorteningstrain, are shown in Fig. 12.
On sp2, the main body of the panel, that is, the region within the
outer two stiffeners, is seen to have two half-waves both along and
across the panel.

The experimental results presented graphically in Ref. 30 reveal
what is taken to be an initial bedding in phase, during which any
slack in the testing machine and systems is taken up. This occurs at
low values of loading (below about 30 kN) when the panel response
is nonlinear, before the response becomes effectively linear, as ex-
pected, along the main part of the primary path. In showing these
experimental results here in Fig. 11, an adjustment has been made
by moving the set of results horizontally by a particular amount of
strain such that when the linear part of the pp is projected it goes
through the Nav / e origin.

Given the complexity of the response in this problem, a close
comparison of the experimental results with the FSM predictions is
revealed in Fig. 11, although the longitudinal stiffness of the FSM
model is somewhat greater than the experimentalstiffnesson the pp.
(This may perhapsbe becauseof variationsin the initial curvatureof
the test panel over its surface, becauseof manufacturingdif� culties,
and/or because the material properties quoted in Ref. 30 and used
here are assumed, rather than measured, and are not an accurate
re� ection of the properties of the actual panel.) The basic features
of the nonlinear response predicted using the FSM are present in
the test results, including in particular the unstable drop in load in
moving from the primary path to a secondary path. It is remarked
in Ref. 30 that the � nal experimental buckled mode has “two half
waves in both the axial and circumferential directions, seen as a
single dominant inward buckle in each bay.” This description � ts
very well the deformed shape predicted for sp2 by the � nite strip
approach, shown in Fig. 12. Finally, note that in the experiment30

the panel is deemed to have failed at a relatively low load of 152 kN
(and a low strain of a little over 0.3%) due to delamination of the
outer stringers and that the predicted sp2 deformed shape (Fig. 12)
does show severe curvature in regions of these stringers.

Curved Panel with Edge Stiffeners
The � nal exampleconcernsanothercomposite-laminated,curved

panel for which details have been made available to the authors
by private communication from the Defence Evaluation and Re-
searchAgency (DERA) Farnborough.The cross sectionof theedge-
stiffened panel is shown in Fig. 13a. The length of the panel is
460 mm. The ply thickness is again 0.125 mm, with a balanced
32-ply layup of [45/ ¡ 45/0/ 90/ ¡ 45/ 45/0/ 0/ 45/ ¡ 45/ 0/0/ ¡ 45/
45/90/ 90]s construction. The ply material properties are EL =
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135 GN/n2, ET =9.2 GN/m2, G LT = GT T = 5.4 GN/m2 , and
m L T =0.28.

The physical panel has been tested at DERA Farnborough by
applying a progressive uniform end shortening to the panel up to
beyond the buckling level. As in the preceding example, in the test
the longitudinal edges of the panel were completely free and the
curved ends were notionally fully clamped. The only test informa-
tion available is that the buckling load was 880 kN and that the
postbuckled shape of the panel was as shown in Fig. 13b.

In the study of the response of this panel using the spline FSM
in the context of � rst-order shear deformation theory, a linear bifur-
cational buckling analysis was � rst performed using the PASSAS
program19,20 with a model having 80 � at and curved � nite strips,

a) Cross section

b) Experimental deformed shape

Fig. 13 Curved panel with edge stiffeners.

Fig. 14 Nonlinear response of the curved panel with edge stiffeners:
variation of average longitudinal force with applied shortening strain.

Fig. 15 Deformed shapes of the curved panel with edge stiffeners: a) on pp, b) on sp1, and c) on sp2.

under the action of uniform longitudinalcompressive stress. On the
assumption of clamped ends, and using q =16, the lowest buckling
load has been calculatedas 971 kN. Note that other buckling modes
occur in close proximity; there are eight buckling modes occurring
between 971 and 997 kN. Note also that on the assumption of di-
aphragm ends, the calculated buckling load is 795 kN. Thus, the
experimental value of buckling load lies about midway between the
theoretical values based on clamped ends and on diaphragm ends.

In using the present FSM capability to predict the nonlinear re-
sponse of the panel to progressive end shortening, a faceted cross-
wise modeling is again used with a total of 12 strips, 8 of which
represent the curved portion, in the context of SDPT analysis with
q =6. The predicted general response of the panel (Nav vs e ) is
shown in Fig. 14 and, as in the preceding example, reveals the sta-
ble parts of a primary path (pp) and two secondary paths (sp1 and
sp2). The deformed shapes of the panel in these paths are shown
in Fig. 15. Some veri� cation of the FSM predictions is given by
the deformed shape corresponding to the predicted lowest equilib-
rium path (sp2) (as shown in Fig. 15c) being very similar to the
experimental deformed shape shown in Fig. 13b.

Conclusions
The splineFSM has beendevelopedfor the predictionof the post-

buckling behavior of composite-laminatedstructures that are arbi-
trary prismatic assemblies of component � at plates that are rigidly
connectedtogetherat their longitudinaledges.The developmenthas
been made on the assumption of geometrically nonlinear behavior
(with nonlinear terms in v as well as w in the strain–displacement
equations), and a total Lagrangian approach has been used. The
properties of a � nite strip may be based here on the use of classical
plate theory or of � rst-order shear deformation plate theory, and a
number of different types of � nite strip models are available within
each category.

The developed nonlinear capability has a quite general nature,
which is aided by the increased versatility of the spline FSM as
compared to the semi-analytical FSM used in earlier studies. In
this paper, however, attention has been restricted to consideration
of the response of structures that are subjected to a progressiveuni-
form end shortening.Within this categoryof problem, the presented
applications give a good idea of the scope of the developed FSM
capability, which can embrace the analysis of curved panels using
approximate faceted models. Available results from other sources
for some of the presented applications help to con� rm the validity
of the FSM capability.
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